The generalized advancing conformal contact problem with friction, pin loads and remote loading – Case of rigid pin  by Sundaram, Narayan & Farris, T.N.
International Journal of Solids and Structures 47 (2010) 801–815Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rThe generalized advancing conformal contact problem with friction, pin loads
and remote loading – Case of rigid pin
Narayan Sundaram a,*, T.N. Farris b
a School of Aeronautics and Astronautics, Purdue University, 701 W. Stadium Ave., West Lafayette, IN 47907-2045, United States
b School of Engineering, Rutgers, The State University of New Jersey, 98 Brett Rd., Piscataway, NJ 08854-8058, United States
a r t i c l e i n f oArticle history:
Received 18 August 2009
Received in revised form 3 November 2009
Available online 3 December 2009
Keywords:
Contact
Singular integrals
Friction
Integral equation
Singular integro-differential equation
Conforming contact
Cradling
Rivet
Pin-loaded connection0020-7683/$ - see front matter  2009 Elsevier Ltd. A
doi:10.1016/j.ijsolstr.2009.11.019
* Corresponding author.
E-mail addresses: nsundara@purdue.edu (N. Sunda
(T.N. Farris).
1 His widely cited Ph.D. thesis is rather hard to obta
summary in Ciavarella and Decuzzi (2001) is very use
purpose of this work.a b s t r a c t
The advancing, frictional contact problem for a rigid pin indenting an inﬁnite plate with a circular hole is
considered. The formulation is general, and considers remotely applied plate-stresses in addition to pin
loads. Using the theory of generalized functions, it is found that the governing equation in full sliding is a
singular integro-differential equation (SIDE). Partial-slip behavior is governed by an implicit, coupled sin-
gular integral equation (SIE) pair. Numerical solutions are presented for both types of problems. It is
found that the contact tractions in monotonic loading become independent of the coefﬁcient of friction
above a certain threshold value. Finally, problems involving typical ‘fretting-type’ pin loads with and
without remote-stresses are also investigated, revealing remarkable effects of the degree of conformality
and load path on the steady-state traction distributions.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Conformal contacts are important for awide range of engineering
applications, like fasteners. The distinguishing feature of this class of
contacts is that the contacting bodies may not be treated as half-
spaces because the contact size is signiﬁcant when compared to
the radius of curvature. Classically, two regimeshavebeen identiﬁed
for such contacts: ‘cradling’ and ‘inclusion with remote-loading’
which roughly correspond to conformal advancing and conformal
receding contacts respectively. A signiﬁcant body of literature exists
in the frictionless case for both regimes,with awide variety ofmeth-
ods being used for formulation. These include (1) Persson’s direct
formulation1 using potentials for the disk and plate; (2) Dual-series
techniques (Noble and Hussain, 1969) (3) Complex analytic stress-
continuation (with contributions from Wilson, England and others)
and (4) The recent method of To et al. (2007) which leads to approxi-
mate solutions, but may be used even when the plate is ﬁnite. The
reader is referred to Gladwell (1980) and Ciavarella et al. (2006) for
a more comprehensive list of references for frictionless problems.ll rights reserved.
ram), tfarris@soe.rutgers.edu
in; fortunately, M. Ciavarella’s
ful and was adequate for theBy contrast, the literature for conformal contact problems with
friction is somewhat sparse. Ho and Chau (1997) determined stress
concentrations when body forces act on a (neat-ﬁt) rivet loading an
inﬁnite plane. Iyer (2001) performed an FEM analysis for the case
with ﬁnite plates and friction and discussed the applicability of
various closed-form approximations. Finally, Hou and Hills
(2001) obtained numerical solutions to the very special problem
in which the pin and hole are elastically similar and almost con-
forming, using a distributed dislocation approach. In this instance,
the gap between the two bodies was treated as an arc-shaped dis-
continuity in an otherwise continuous plate.
The present work treats advancing conformal contact problems
with friction under general loading conditions i.e. pin loads and re-
mote stresses applied in any path. The formulation is closed in the
sense that it does not use inﬁnite series, makes no assumptions
regarding the tractions by way of symmetry or interactions and
models the problem as exactly as possible within the limits of
plane elasticity. In addition, a rapid numerical solution scheme
for partial slip problems is also discussed.
While generalizing the problem in the directions mentioned,
it is a useful simpliﬁcation to regard the disk as rigid2; the con-
tact pair is, nonetheless, a dissimilar one and may be considered a2 It has been pointed out to us that this is a good approximation in applications
since the pin/disk is usually less compliant than the plate/lug.
Fig. 1. Conformal contact.
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present work also provides a useful template to proceed in case this
simpliﬁcation no longer holds.
2. Displacement ﬁelds caused by circumferential point loads
As a starting point, one begins with the complex potentials for a
point load applied to the edge of a circular hole of radius a in an
inﬁnite elastic plane, with vanishing stresses and rotation at inﬁn-
ity. These were ﬁrst derived by Rothman (1950) but he did not
publish the displacement ﬁelds, which are surprisingly hard3 to
come by, so a brief derivation is presented here. The algebra is sim-
pliﬁed somewhat by considering the normal and tangential load
cases separately. Further, the load may be considered to act on a cir-
cumferential point located at an angle n ¼ 0 and the result easily
generalized for other angles. For a normal load N (positive outward)
acting at an angle n ¼ 0, the potentials are4
XðzÞ ¼ N
2p
 logðz aÞ þ j logðzÞðjþ 1Þ
 
ð1Þ
xðzÞ ¼ N
2p
z logðz aÞ  z logðzÞ
jþ 1  a logðzÞ þ
ja2
ðjþ 1Þz
 
ð2Þ
The displacements in polar coordinates are given by
2Gður þ iuhÞ ¼ eih jXðzÞ  zX0ðzÞ x0ðzÞ
n o
ð3Þ
Differentiating and substituting the potentials in Eq. (3) gives
2Gður þ iuhÞ ¼Ne
ih
2p
j logðz aÞ þ j
2
jþ 1 zþ
z z
z a
j
jþ 1
z
z

 logðz aÞ þ logðzÞ
jþ 1 þ
a
z
þ ja
2
jþ 1
1
z2

ð4Þ
On the surface, zz ¼ a2; z ¼ aeih and z ¼ aeih so that, after simplify-
ing and ignoring rigid body terms the surface displacements (indi-
cated with a tilde) are given by
2Gð~ur þ i~uhÞ ¼ Ne
ih
2p
jþ 1
2
logð2 2 cosðhÞÞ þ ðj 1Þi½A1  A2
 
ð5Þ
where
A1  A2 ¼ Arg 12
i
2
cot
h
2
  
ð6Þ
It is seen that A1  A2 is a periodic linear function with discontinu-
ities at 0;2mp; it may be replaced by its values in a single period
(suitably selected) with no loss of generality. Separating real and
imaginary components gives the following surface displacements
2G~ur ¼ N2p ðj1ÞsinðhÞ½A1A2
jþ1
2
cosðhÞ logð22cosðhÞÞ
 
ð7Þ
2G~uh ¼ N2p
jþ1
2
sinðhÞ logð22cosðhÞÞþðj1ÞcosðhÞ½A1A2
 
ð8Þ
When the force acts at a point on the circumference situated at an
angle n rather than 0,
2G~uNr ¼
N
2p
ðj 1Þ sinðh nÞAðh; nÞ  jþ 1
2
cosðh nÞLðh; nÞ
 
ð9Þ
2G~uNh ¼
N
2p
jþ 1
2
sinðh nÞLðh; nÞ þ ðj 1Þ cosðh nÞAðh; nÞ
 
ð10Þ3 In sharp contrast to the ubiquitous Flamant solution
4 Note that Rothman’s x0ðzÞ represents what one would consider xðzÞ in the
canonical Kolosov–Muskhelishvili formulationwhere the following notation is used5
Aðh; nÞ  A1  A2 ¼ h n2 
p
2
sgnðh nÞ ð11Þ
Lðh; nÞ  logð2 2 cosðh nÞÞ ð12Þ
It is possible to proceed analogously for the case of a tangential
point load T (clockwise positive) acting on a point on the circumfer-
ence, in which case
2G~uTr ¼
T
2p
ðj 1Þ cosðh nÞAðh; nÞ þ jþ 1
2
sinðh nÞLðh; nÞ
 
ð13Þ
2G~uTh ¼
T
2p
jþ 1
2
cosðh nÞLðh; nÞ  ðj 1Þ sinðh nÞAðh; nÞ
 
ð14Þ3. Derivation of governing equations - full sliding
The full sliding advancing conformal contact problem may be
interpreted (for example) as the moment-induced sliding of a disk
(or shaft) of a radius slightly smaller than that of the hole under the
applied pin-loads and remote stresses. In this case, the moment/
torque at which the onset of sliding occurs is an unknown and
must be determined as part of the solution.
Let the disk have radius RD and the hole radius R, where RD < R.
In the undeformed conﬁguration, the disk and hole are as shown in
Fig. 1. In this state, the (ﬁrst-order correct) gap function, h0ðhÞ, is
h0ðhÞ ¼ ðR RDÞð1þ sinðhÞÞ ð15Þ
If the disk is now rotated by a small amount, and pressed into the
elastic space by a rigid-body displacement vector V with horizontal
component C0x and vertical component D (positive downward), the
new gap function, hdðhÞ is
hdðhÞ ¼ ðR RDÞð1þ sinðhÞÞ  C0x cosðhÞ þ D sinðhÞ ð16Þ
Inside the contact, the overclosures thus produced should be re-
lieved by elastic displacements so that the gap function, hðhÞ ¼ 0.
Now the gap function anywhere is deﬁned as
hðhÞ ¼ hdðhÞ þ ~ur ð17Þ
so that inside the contact5 Again, the domain of the function Aðh; nÞ must be suitably selected.
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The pressure traction, shear traction and remote stresses all con-
tribute to ~ur;
hdðhÞ ¼ ðR RDÞð1þ sinðhÞÞ  C0x cosðhÞ þ D sinðhÞ ¼ ~upr  ~uqr  ~u1r
ð19Þ
Now consider a differential operator L that acts on a function f ðhÞ
as follows
Lðf ðhÞÞ  f ðhÞ þ f 00ðhÞ ð20Þ
L is a linear operator, so it obeys the superposition principle. Let
the L operator be applied to both sides of Eq. (19); h0dðhÞ and
h00dðhÞ are as follows
h0dðhÞ ¼ ðR RDÞðcosðhÞÞ þ C0x sinðhÞ þ D cosðhÞ ð21Þ
h00dðhÞ ¼ ðR RDÞðsinðhÞÞ þ C0x cosðhÞ  D sinðhÞ ð22Þ
so that all the approach related terms cancel6 and Eq. (19) becomes
RD  R ¼Lð~upr þ ~uqr þ ~u1r Þ ð23Þ
¼Lð~upr Þ þLð~uqr Þ þLð~u1r Þ ð24Þ
¼L
Z b
a
~uNr ðh; nÞRdn
 
þL
Z b
a
~uTr ðh; nÞRdn
 
þLð~u1r Þ ð25Þ
where a; b are the contact extents in the global coordinate system,
and the displacements caused by the tractions are expressed as the
superposition of individual displacements caused by circumferen-
tial point loads. Interchanging the order of the L operator and
the integral operator,
RD  R ¼ R
Z b
a
L ~uNr ðh; nÞ
 
dnþ
Z b
a
L ~uTr ðh; nÞ
 
dn
 
þLð~u1r Þ
ð26Þ
The action of theL operator on the surface displacements produces
distributions (generalized functions). Before doing so, it is helpful to
rewrite the sgn function in Aðh; nÞ in terms of the Heaviside unit-
step function H so that
Aðh; nÞ ¼ h n
2
 p
2
½2Hðh nÞ  1 ð27Þ
Also, in the discussion that follows, Sðh; nÞ ¼ sinðh nÞ; Cðh; nÞ ¼
cosðh nÞ; k0 ¼ jþ12 and k
00 ¼ j 1. Differentiating equation (9) once,
2G~u0Nr ¼
N
2p
k0Lðh; nÞSðh; nÞ  k0 cot h n
2
 
þ k0Sðh nÞ

þk00Cðh; nÞAðh; nÞ þ k00Sðh; nÞ 1
2
 pdðh nÞ
 
ð28Þ
where dðh nÞ is the Dirac delta function. Differentiating again,
2G~u00Nr ¼
N
2p
k0Cðh; nÞLðh; nÞ þ k0 þ 2k0Cðh; nÞ þ k
0
2
csc2
h n
2
 
k00Sðh; nÞAðh; nÞ þ 2k00Cðh; nÞ 1
2
 pdðh nÞ
 
pk00Sðh; nÞd0ðh nÞ

ð29Þ
where d0 is the derivative of the Dirac delta function, also a distribu-
tion. Adding Eqs. (9) and (29),
2GL ~uNr
  ¼ N
2p
k0 þ 2jCðh nÞ þ k
0
2
csc2
h n
2
 
2pk00Cðh; nÞdðh nÞ  pk00Sðh; nÞd0ðh nÞ

ð30Þ6 This is to be expected, since the terms containing the approaches are eigenfunc-
tions of the operator 1þ d2=dh2where the identity 2j ¼ 2k0 þ k00 has been used. Similarly, applying
the L operator to ~uTr and simplifying gives
2GL ~uTr
  ¼ T
2p
k0 cot
h n
2
 
 2jSðh; nÞ þ 2pk00Sðh; nÞdðh nÞ

pk00Cðh; nÞd0ðh nÞ

ð31Þ
In order to calculate the integrals over ða;bÞ for Lð~uNr Þ in Eq. (26),
the following properties of distributions are usedZ b
a
FðsÞ cosðx sÞdðx sÞds ¼ FðxÞ ð32ÞZ b
a
FðsÞ sinðx sÞd0ðx sÞds ¼ FðxÞ ð33Þ
where FðxÞ is a suitably smooth (‘test’) function with support a; b.
This givesZ b
a
L ~uNr ðh; nÞ
 
dn ¼ R
4pG
k0
Z b
a
NðnÞdnþ 2j
Z b
a
Cðh; nÞNðnÞdn

þk0
Z b
a
1
2
csc2
h n
2
 
NðnÞdn pk00NðhÞ

ð34Þ
The integral with the cosecant-square kernel is understood as a
Hypersingular or Hadamard ﬁnite-part integral; it may be con-
verted to a singular integral with Hilbert-type kernel after an inte-
gration by parts7 and using the property that NðhÞ ¼ 0 at the ends of
contact.Z b
a
L ~uNr ðh; nÞ
 
dn ¼ R
4pG
k0
Z b
a
NðnÞdnþ 2j
Z b
a
Cðh; nÞNðnÞdn

k0
Z b
a
cot
h n
2
 
N0ðnÞdn pk00NðhÞ

ð35Þ
A similar procedure may be adopted to calculate the integral over
Lð~uTr Þ. The following additional properties of d and d0 are used for
this purposeZ b
a
FðsÞ sinðx sÞdðx sÞds ¼ 0 ð36ÞZ b
a
FðsÞ cosðx sÞd0ðx sÞds ¼ F 0ðxÞ ð37ÞZ b
a
L ~uTr ðh; nÞ
 
dn ¼ R
4pG
k0
Z b
a
cot
h n
2
 
TðnÞdn 2j

Z b
a
Sðh; nÞTðnÞdn pk00T 0ðhÞ

ð38Þ
To calculate the last term in Eq. (26), one begins with the surface
displacements caused by remote stresses applied to an inﬁnite elas-
tic plane perturbed by a circular hole.
2G~u1r ¼ Rk0
A
2
þD cosð2hÞ
 
ð39Þ
2G~u1h ¼ Rk0D sinð2hÞ ð40Þ
where
A ¼ r1xx þ r1yy ð41Þ
D ¼ r1xx  r1yy ð42Þ
and applying the L operator gives the following expression for
Lð~u1r Þ
Lð~u1r Þ ¼
Rk0
2G
A
2
 3D cosð2hÞ
 
ð43Þ7 This operation needs some care, since the integral is not a Riemann integral; see
Anﬁnogenov et al. (2001) for an example.
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Fig. 2. Normalized pressure tractions NðhÞR=P at the indicated values of l:Lp ¼ 1:0
in all cases. Negative values of l indicate the application of a counter-clockwise
moment.
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cient of friction, depending on whether a clockwise or counter-
clockwise moment is applied. Finally, substituting Eqs. (35), (38)
and (43) into Eq. (26) gives
Rþ RD  Rk
0
2G
A
2
 3D cosð2hÞ
 
¼ R
4pG
k0
Z b
a
NðnÞdn

þ2j
Z b
a
cosðh nÞNðnÞdn k0
Z b
a
cot
h n
2
 
N0ðnÞdn
pk00NðhÞ  lk0
Z b
a
cot
h n
2
 
NðnÞdn 2lj

Z b
a
sinðh nÞNðnÞdn lpk00N0ðhÞ

; 8h 2 ða;bÞ ð44Þ
This is a Singular Integro-Differential Equation of the second kind
with Hilbert kernel on the arc a; b. In the absence of friction
ðl ¼ 0Þ and remote applied bulk-stresses ðA;D ¼ 0Þ, it is veriﬁed
in Appendix B that this equation reduces to Persson’s equation,
summarized in Ciavarella and Decuzzi (2001).
The extents of the contact are determined so that the tractions
are in equilibrium with the applied loads P; Q .

Z b
a
NðhÞ sinðhÞdh l
Z b
a
NðhÞ cosðhÞdh ¼ P
R
ð45ÞZ b
a
NðhÞ cosðhÞdh l
Z b
a
NðhÞ sinðhÞdh ¼ Q
R
ð46Þ4. Results – full sliding problem
The SIDE Eq. (44) cannot, in general, be inverted analytically
and must be solved numerically. The SIDE is ﬁrst converted to an
SIDE with Cauchy-type kernel by successively applying 3 changes
of variables:
(1) w ¼ n e0, / ¼ h e0; to a coordinate system centered at the
center of the contact (2) / ¼ 2 tan1ðxÞ;w ¼ 2 tan1ðsÞ to convert
the Hilbert kernel to a Cauchy kernel (3) t ¼ s=s0; y ¼ x=s0 to nor-
malize the domain of the SIDE to (1,1)
In this case e0 is the angular eccentricity of the contact; the con-
tact half-angle is  and s0 ¼ tanð=2Þ. The contact ends are related
to the contact half-angle and eccentricity as follows
a ¼ e0   ð47Þ
b ¼ e0 þ  ð48Þ
In transformed coordinates, let pðyÞ ¼ NðhÞ be the pressure traction.
The Cauchy SIDE is then
R
4pG 2k
0s0
Z 1
1
pðtÞ
F3ðtÞ dtþ4js0
Z 1
1
F1ðyÞF1ðtÞþF2ðyÞF2ðtÞ
F3ðtÞ pðtÞdt

pk00pðyÞk0 F3ðyÞ
s0
Z 1
1
p0ðtÞ
y t dt2lk
0
Z 1
1
pðtÞ
y t dt2lk
0s20

Z 1
1
tpðtÞdt
F3ðtÞ plk
00 F3ðyÞ
2s0
p0ðyÞ4ljs0
Z 1
1
F2ðyÞF1ðtÞF1ðyÞF2ðtÞ
F3ðtÞ pðtÞdt

¼RþRDRk
0
2G
A
2
3Dg^ðyÞ
 
ð49Þ
where the functions Fi are deﬁned as follows
F1ðtÞ ¼ 1 s
2
0t
2
1þ s20t2
F2ðtÞ ¼ 2s0t
1þ s20t2
F3ðtÞ ¼ 1þ s20t2 ð50Þ
and
g^ðyÞ ¼ cosð2e0Þ1 6s
2
0y
2 þ s40y4
ð1þ s20y2Þ2
 sinð2e0Þ4s0yð1 s
2
0y
2Þ
ð1þ s20y2Þ2
ð51Þ
Standard orthogonal polynomial techniques (Hills et al., 1996) may
now be used to invert the SIDE equation (49) for trial contact ends
a0; b0. Such a solution will not satisfy the global equilibrium equa-tion (45) and (46), but an iterative search procedure may be used to
adjust a and b until the tractions satisfy global equilibrium. A con-
verged solution is obtained in as few as 10 s on a desktop PC.
Since the indenter is rigid, the following (slightly modiﬁed) ver-
sion of Persson’s dimensionless plane-strain load parameter is used
Lp ¼ E1 m2
Rf
P
ð52Þ
Here the parameter f ¼ 1 RD=R is a measure of the geometric con-
formality of the disk and the hole; a smaller value of f indicates a
higher degree of conformality.
Normalized pressure tractions in full sliding for Lp ¼ 1:0 are
shown in Fig. 2 for a range of l. It is seen that the center of the con-
tact shifts from 90 in the presence of friction; the peak pressure
decreases as l increases. In addition, the pressure tractions ob-
tained by applying counter-clockwise moments (indicated with
negative values of l) to the disk are the mirror-images of those ob-
tained with clockwise moments about h ¼ 90.
Finally, Fig. 3 shows the effect of changing l when the sliding
under clockwise moment is achieved under quite general condi-
tions. In this case, in addition to the vertical pin load P, an equal
horizontal pin load Q ¼ P is present, in addition to remote stresses
r1xx ¼ r1yy ¼ 0:96P=R. Obviously, under these oblique loads and re-
mote stresses, the contact is no longer centered about 90 even
when l ¼ 0.
5. Formulation – partial slip problem
The partial slip problem is considered next. One deﬁnes the slip
function sðhÞ as the difference in tangential surface displacements
of the disk and the elastic space, as follows
sðhÞ ¼ ~udiskh  ~uh ð53Þ
¼ D cosðhÞ  C0x sinðhÞ  ~up;qh  ~u1h ð54Þ
where ~up;qh are the tangential surface displacements due to the pres-
sure and shear tractions. The terms containing D and C0x are the
tangential components of the rigid-body motion V ¼ ðC0x;DÞ pro-
jected along the edge of the hole.
In partial slip, it is inadvisable to proceed as in the case of full
sliding using the L operator since the discontinuous nature of
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Fig. 3. Normalized pressure tractions NðhÞR=P at the indicated values of l:Lp ¼ 7:6;
Q ¼ P in all cases.
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derivative of the tangential surface displacement; consequently,
the resulting SIDEs are analytically and numerically ill-behaved.
Thus, the goal is to restrict oneself to a formulation involving ﬁrst
derivatives only.
Consider the function ~uTr þ ~u0Th , formed by adding the radial dis-
placement caused by a tangential point load and the derivative of
the tangential displacement produced by the same load. Differen-
tiating ~uTh in Eq. (14) gives
~u0Th ¼
T
4pG
k0Sðh; nÞLðh; nÞ þ k0 cot h n
2
 
 jSðh; nÞ

k00Cðh; nÞAðh; nÞ þ pk00Sðh; nÞdðh nÞ

ð55Þ
so that on adding Eq. (13) with Eq. (55)
~uTr þ ~u0Th ¼
T
4pG
k0 cot
h n
2
 
 jSðh; nÞ þ pk00Sðh; nÞdðh nÞ
 
ð56Þ
The functions ~uTh  ~u0Tr , ~uNh  ~u0Nr and ~uNr þ ~u0Nh may be calculated
similarly
~uTh  ~u0Tr ¼
T
4pG
k0  jCðh; nÞ þ pk00Cðh; nÞdðh nÞ 	 ð57Þ
~uNh  ~u0Nr ¼
N
4pG
k0 cot
h n
2
 
 jSðh; nÞ þ pk00Sðh; nÞdðh nÞ
 
ð58Þ
~uNr þ ~u0Nh ¼
N
4pG
k0 þ jCðh; nÞ  pk00Cðh; nÞdðh nÞ 	 ð59Þ
Adding Eq. (57) with Eq. (58) and using the properties of the Delta
distribution gives
~up;qh  ~u0p;qr ¼
R
4pG
k0
Z b
a
TðnÞdnj
Z b
a
cosðh nÞTðnÞdnþpk00TðhÞ

þk0
Z b
a
cot
h n
2
 
NðnÞdnj
Z b
a
sinðh nÞNðnÞdn

ð60ÞSimilarly, adding Eq. (56) with Eq. (59) and distributing
~up;qr þ ~u0p;qh ¼
R
4pG
k0
Z b
a
cot
h n
2
 
TðnÞdn

j
Z b
a
sinðh nÞTðnÞdnþ k0
Z b
a
NðnÞdn
þj
Z b
a
cosðh nÞNðnÞdn pk00NðhÞ

ð61Þ
For the remote stresses,
~u1r þ ~u01h  GsðhÞ ¼
Rk0
2G
A
2
D cosð2hÞ
 
ð62Þ
~u1h  ~u01r  GpðhÞ ¼
Rk0
2G
D sinð2hÞ ð63Þ
Re-arranging gap equation (19), inside the contact the radial dis-
placements caused by the tractions may be written as
~up;qr ¼ ðRD  RÞð1þ sinðhÞÞ þ C0x cosðhÞ  D sinðhÞ  ~u1r ð64Þ
Similarly, re-arranging the slip equation (54),
~up;qh ¼ D cosðhÞ  C0x sinðhÞ  ~u1h  sðhÞ ð65Þ
Differentiating equations (64) and (65) with respect to h and form-
ing the functions ~up;qh  ~u0p;qr ; ~up;qr þ ~u0p;qh eliminates the terms con-
taining the approaches
~up;qh  ~u0p;qr ¼ sðhÞ þ ðR RDÞ cosðhÞ  GpðhÞ ð66Þ
~up;qr þ ~u0p;qh ¼ ðRD  RÞð1þ sinðhÞÞ  s0ðhÞ  GsðhÞ ð67Þ
Finally, equating the right hand sides of Eq. (66) with Eqs. (60) and
(67) with Eq. (61) gives
 sðhÞ þ ðR RDÞ cosðhÞ  GpðhÞ
¼ R
4pG
k0
Z b
a
TðnÞdn j
Z b
a
cosðh nÞTðnÞdnþ pk00TðhÞ

þ k0
Z b
a
cot
h n
2
 
NðnÞdn j
Z b
a
sinðh nÞNðnÞdn

;
8h 2 ða; bÞ ð68Þ
ðRD  RÞð1þ sinðhÞÞ  s0ðhÞ  GsðhÞ
¼ R
4pG
k0
Z b
a
cot
h n
2
 
TðnÞdn pk00NðhÞ  j

Z b
a
sinðh nÞTðnÞdnþ k0
Z b
a
NðnÞdnþ j
Z b
a
cosðh nÞNðnÞdn

;
8h 2 ða; bÞ ð69Þ
This is a pair of coupled singular integral equations (with Hilbert
kernel) for the pressure and shear tractions. Crucially, it is an impli-
cit system, since the slip function sðhÞ appears in the pressure equa-
tion (68). This is because if one assumes that the contact is divided
into regions of stick and slip, then, in the stick-zone
sðhÞ ¼ sðhÞprev 8h 2 stick ð70Þ
s0ðhÞ ¼ s0ðhÞprev 8h 2 stick ð71Þ
However the pressure equation (68) cannot be inverted unless sðhÞ
is known in the slip zones as well. This difﬁculty may be overcome
by the fact that no matter what sðhÞ is in the slip zones, it must be
consistent with the slip function obtained by integrating s0ðhÞ from
Eq. (69) there, which leads to an iterative solution scheme. It should
be emphasized that such a procedure does not imply the application
of pure displacement boundary conditions in the slip zone, merely
the consistency of the slip function with its gradient. For the shear
equation (69), there is no such problem – it need be inverted over
the stick-zone only, with the local Coulomb friction law providing
the shear traction in the slip zones
TðhÞ ¼ sgnðsðhÞ  sðhÞprevÞlNðhÞ 8h 2 slip ð72Þ
806 N. Sundaram, T.N. Farris / International Journal of Solids and Structures 47 (2010) 801–815Again, the tractions have to satisfy the following global equilibrium
equations

Z b
a
NðhÞ sinðhÞdhþ
Z b
a
TðhÞ cosðhÞdh ¼ P
R
ð73ÞZ b
a
NðhÞ cosðhÞdhþ
Z b
a
TðhÞ sinðhÞdh ¼ Q
R
ð74Þ6. Numerical solution of partial slip problem
The coupled system of Eqs. (68) and (69) is converted to Cauchy
form by successively applying the three changes of variables,
w¼ ne0; /¼ he0; /¼2tan1ðxÞ; w¼2tan1ðsÞ; and t ¼ s=s0;
y ¼ x=s0 as before. We deﬁne q as the angular half-size of the
stick-zone and eS as the angular eccentricity of the stick-zone, so
that the ends of the stick zone, as and bs are given by
as ¼ eS  q ð75Þ
bs ¼ eS þ q ð76Þ
In transformed coordinates, let the pressure traction pðyÞ ¼ NðhÞ,
shear traction qðyÞ ¼ TðhÞ and slip function s^ðyÞ ¼ sðhÞ. Then,
dsðhÞ
dh
¼ ds^ðyÞ
dy
dy
dh
¼ ds^ðyÞ
dy
F3ðyÞ
2s0
ð77Þ
After transformation, the ends of the stick-zone as; bs map to b1 and
b2 where
b1 ¼ 1s0 tan
as  e0
2

 
ð78Þ
b2 ¼ 1s0 tan
bs  e0
2
 
ð79Þ
and 1 < b1 < b2 < 1.8 The transformed pressure integral equation
is
R
4pG
2k0s0
Z 1
1
qðtÞdt
F3ðtÞ  2js0
Z 1
1
F1ðyÞF1ðtÞ þ F2ðyÞF2ðtÞ½  qðtÞdtF3ðtÞ

þpk00qðyÞ þ 2k0
Z 1
1
pðtÞdt
y t þ 2k
0s20
Z 1
1
tpðtÞdt
F3ðtÞ  2js0

Z 1
1
½F2ðyÞF1ðtÞ  F1ðyÞF2ðtÞ pðtÞdtF3ðtÞ

¼ s^ðyÞ
þ ðR RDÞ½cosðe0ÞF1ðyÞ  sinðe0ÞF2ðyÞ  bGpðyÞ ð80Þ
The transformed shear integral equation is
R
4pG
2k0
Z 1
1
qðtÞdt
y t þ2k
0s20
Z 1
1
tqðtÞdt
F3ðtÞ 2js0


Z 1
1
½F2ðyÞF1ðtÞF1ðyÞF2ðtÞqðtÞdtF3ðtÞ þ2k
0s0
Z 1
1
pðtÞdt
F3ðtÞ
þ2js0
Z 1
1
½F1ðyÞF1ðtÞþF2ðyÞF2ðtÞpðtÞdtF3ðtÞ pk
00pðyÞ

¼ðRDRÞ½1þcosðe0ÞF2ðyÞþsinðe0ÞF1ðyÞ ds^dy
F3ðyÞ
2s0
 bGsðyÞ
ð81Þ
where
bGpðyÞ¼Rk02GD 4s0yð1 s20y2Þð1þ s20y2Þ2 cosð2e0Þþ16s
2
0y
2þ s40y4
ð1þ s20y2Þ2
sinð2e0Þ
( )
ð82Þ
bGsðyÞ ¼Rk02G A2 D cosð2e0Þ16s20y2þ s40y4ð1þ s20y2Þ2  sinð2e0Þ4s0yð1 s
2
0y
2Þ
ð1þ s20y2Þ2
( )" #
ð83Þ8 The inequalities at the ends are strict, since the material pair is dissimilar.The standard way to impose the slip zone boundary condition equa-
tion (72) is (Rajeev and Farris, 2002) to re-write the shear traction in
terms of the pressure traction and a shear correction, q	ðyÞ
qðyÞ ¼ lf ðyÞpðyÞ  q	ðyÞ ð84Þ
The function f ðyÞ is chosen so as to make q	ðyÞ ¼ 0 in the slip zones.
f ðyÞ is deﬁned as f ðyÞ ¼ 1 everywhere if shear tractions with the
same sign in both slip zones are expected and
f ðyÞ ¼
1 1 < y < b1
b2þb12y
b2b1 b1 < y < b2
1 b2 < y < 1
8><>: ð85Þ
if shear tractions with opposite signs of shear are expected in the
slip zones. Treating l as a signed quantity then allows the rever-
sal of the directions of shear in the slip zones in either case. Fi-
nally, dividing throughout by 4pG and introducing the material
constants
a12 ¼  k
00
4G
b11 ¼
k0
2G
C1 ¼ 2k
0
4pG
ð86Þ
a21 ¼ k
00
4G
b22 ¼
k0
2G
C2 ¼ 2j4pG ð87Þ
gives
la21f ðyÞpðyÞ þ b22p
Z 1
1
pðtÞdt
t  y  a21q
	ðyÞ
þ s0
Z 1
1
K11ðy; tÞpðtÞdt þ s0
Z b2
b1
K12ðy; tÞq	ðtÞdt
¼ 1
R
s^ðyÞ þ ðR RDÞG1ðyÞ  bGpðyÞn o ð88Þ
a12pðyÞ þ lb11p
Z 1
1
f ðtÞpðtÞdt
t  y 
b11
p
Z b2
b1
q	ðtÞdt
t  y
þ s0
Z 1
1
K21ðy; tÞpðtÞdt þ s0
Z b2
b1
K22ðy; tÞq	ðtÞdt
¼ 1
R
RD  Rð ÞG2ðyÞ  ds^dy
F3ðyÞ
2s0
 bGsðyÞ  ð89Þ
where the Kij are non-singular (non-dominant) kernels deﬁned as
follows
K11ðy; tÞ ¼ 1F3ðtÞ C1s0t þ C2Wsðy; tÞ  lf ðtÞ½C1 þ C2Wcðy; tÞ½  ð90Þ
K12ðy; tÞ ¼ 1F3ðtÞ ½C1 þ C2Wcðy; tÞ ð91Þ
K21ðy; tÞ ¼ 1F3ðtÞ C1 þ C2Wcðy; tÞ þ lf ðtÞ½C1s0t þ C2Wsðy; tÞ½  ð92Þ
K22ðy; tÞ ¼ 1F3ðtÞ ½C1s0t  C2Wsðy; tÞ ð93Þ
Wcðy; tÞ ¼ F1ðyÞF1ðtÞ þ F2ðyÞF2ðtÞ ð94Þ
Wsðy; tÞ ¼ F1ðyÞF2ðtÞ  F2ðyÞF1ðtÞ ð95Þ
and the functions G1; G2 deﬁned as
G1ðyÞ ¼ cosðe0ÞF1ðyÞ  sinðe0ÞF2ðyÞ ð96Þ
G2ðyÞ ¼ 1þ cosðe0ÞF2ðyÞ þ sinðe0ÞF1ðyÞ ð97Þ
It is seen that the principal part of the LHS of this coupled Cauchy-
SIE is the same as that for the contact of dissimilar half-spaces with
friction. This suggests that the technique of Rajeev and Farris (2002)
for inverting coupled SIEs on different domains may be used. It ac-
counts for the fact that the coupled Cauchy-SIE system (equations
(88) and (89)) does not have bounded solutions for arbitrarily spec-
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the unknown functions pðtÞ and q	ðtÞ. The reader is referred to that
work for details; the key result there is that if the unknown func-
tions are decomposed as follows
pðyÞ ¼ p0ðyÞ þ /1
yþ 1
1 y
 A
þ p2ðyÞ ð98Þ
q	ðyÞ ¼ q	0ðyÞ þ /2
y b1
b2  y
 B
ð99Þ
where
p2ðyÞ ¼
0 1 < y < b2
/4
1y
yb2
B
b2 < y < 1
(
ð100Þ
then, there exist constants A and B, 0 < jAj < 1; 0 < jBj < 1 such
that p0ðyÞ and q	0ðyÞ are bounded. Further, A and B are functions of
the material properties and l only, and /4 is a function of /2. The
bounded solution is thus treated as the limiting case when the coef-
ﬁcients of the singular terms, /1; /2 and /4 vanish; importantly, the
system of SIEs may now be inverted for any set of trial contact ends
and stick-zone ends during an iterative search procedure. The ﬁnal
SIE system is
la21f ðyÞp0ðyÞ þ
b22
p
Z 1
1
p0ðtÞdt
t  y  a21q
	
0ðyÞ þ s0
Z 1
1
K11p0ðtÞdt
þ s0
Z b2
b1
K12q	0ðtÞdt þU11ðyÞ/1 þU12ðyÞ/2
¼ 1
R
s^ðyÞ þ ðR RDÞG1ðyÞ  bGpðyÞn o ð101Þ
a12p0ðyÞþ
lb11
p
Z 1
1
f ðtÞp0ðtÞdt
t  y 
b11
p
Z b2
b1
q	0ðtÞdt
t  y
þ s0
Z 1
1
K21p0ðtÞdt þ s0
Z b2
b1
K22q	0ðtÞdt þU21ðyÞ/1
þU22ðyÞ/2 ¼
1
R
ðRD  RÞG2ðyÞ  ds^dy
F3ðyÞ
2s0
 bGsðyÞ 
ð102Þ
The UijðyÞ are somewhat complicated9 functions obtained after
introducing singularities into the unknown functions. Their deﬁni-
tion and evaluation is discussed in Appendix A.
To discretize the system a piecewise linear scheme is used. The
integrals with Cauchy kernel are discretized using a special quad-
rature formula, for exampleZ b2
b1
q	0ðtÞdt
t  y 

XNs
i¼1
ðq	0;iþ1  q	0;iÞ 1þ L
yk  ti
DS
 
þ Lq	0;i ð103Þ
where
L ¼
0 if k ¼ i
log tiþ1yktiyk

 
if k–i
(
ð104Þ
and the collocation points are located equidistant from neighboring
node points, i.e. yk ¼ 0:5 	 ðtk þ tkþ1Þ. The non-singular integrals are
discretized using the formula for the trapezoidal rule.10
There are N þ 1 unknown nodal pressures, NS þ 1 unknown no-
dal shear corrections and two unknown singularity coefﬁcients
/1; /2 giving N þ NS þ 4 unknowns in all. The pressure equations
are enforced at N ¼ NL þ NS þ NR collocation points over the whole
contact; the shear equations are enforced at NS collocation points
in the stick-zone, giving a total of N þ NS equations. Four more9 In comparison to the half-plane contact case and due mainly to the Kij kernels
10 This is consistent with the use of a piecewise linear approximationequations are provided by the condition that the pressure and
shear corrections go to zero at the stick-zone ends and contact
ends. The discretized linear system with N þ NS þ 4 unknowns
and N þ NS þ 4 equations may then be inverted for p0 and q	0.
A two-level iteration scheme is used to solve a general partial
slip problem as follows
(1) The load step is divided into increments. For numerical stabil-
ity, unequally spaced increment sizes are used, beginning
with a very small increment size (say 105)which is increased
geometrically up to the desired maximum increment size dt
(say 0.01); subsequent increments are equal in size to dt.
(2) A trial solution vector fX0g is chosen, consisting of the con-
tact ends and stick-zone ends.
(3) The solver is primed with the slip function in the slip zones
from the previous increment or 0 in the very ﬁrst increment
– as explained previously, this is because the system is
implicit. In the stick-zone, the slip function and slip gradient
from the previous increment are used.
(4) For the chosen trial contact and stick-zone ends, the system is
inverted iteratively, until themismatchbetween the assumed
slip function in the slip zones for the pressure equation (101)
and that calculated by integrating s0ðhÞ from the shear equa-
tion (102) in the slip zones disappears. Symbolically, the iter-
ation scheme may be represented as followsfp0jq0gTj ¼ ½K1fBgj1 ð105Þ
fBgj ¼ Bðfp0jq0gTj Þ ð106Þ
where {B} represents the righthand side of the systemof SIEs. It
may be noted that the discretized kernel [K] of the linear sys-
tem need not be recalculated for each iteration, only the right
hand side in the assumed slip zones needs to be re-computed.
In practice, no more than two or three iterations are needed to
eliminate the mismatch.(5) The resulting solution will not, in general, satisfy the global
equilibrium equations (73) and (74) or have zero unbounded
parts, i.e. /1; /2–0. There is thus a non-zero vector of residu-
als fRgi ¼ tffi ¼ P  P0i; gi ¼ Q  Q0i;/1i;/2igT in the ith
iteration.
(6) The residual vector is now used in an upper-level Newton–
Raphson (N–R) iteration scheme, with the solution vector
updated usingfXgiþ1 ¼ fXgi þ fdXgi ð107Þ
with the Newton step vector given by
fdXgi ¼ 
@ðf ; g;/1;/2Þ
@ð;q; e0; eSÞ
 
Rf gi ð108Þ
The gradients in the Jacobian of the N–R scheme are esti-
mated numerically, e.g.
@/1
@

 D/1
D
¼ /1ðþ D;q; e0; eSÞ  /1ð;q; e0; eSÞ
D
ð109Þ
and D is a small perturbation.
(7) The N–R iterations are continued till some pre-speciﬁed con-
vergence criterion is met, e.g. jfRgij 6 jfRtolgj
(8) The slip function and slip-gradient are updated globally and
the solver proceeds to the next increment. To reduce the
number of Newton Raphson steps required, the solver at-
tempts to predict the contact and stick-zone ends for the next
increment by cubic extrapolation.
With suitable optimizations at the numeric, algorithmic and
code levels, the solution time for an 80–100 increment load step
is about 45–75 s on a desktop PC using MATLAB.
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Fig. 4. Normalized pressure tractions NðhÞR=P at the indicated values of
f ¼ 1 RD=R in plane strain(dashed lines) and plane stress(solid lines). l ¼ 0:55
in all cases.
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In case a monotonically increasing vertical pin load P (see Fig. 1)
is applied to the disk in the presence of friction, normalized
pressure tractions NðhÞR=P are shown in Fig. 4 in both plane stressTable 1
Contact parameters for applied P with l ¼ 0:55.
Plane strain
f Lp ðÞ qðÞ N0 RP T0 RP
0.0200 19.0 14.73 14.69 2.579 0.18
0.0100 9.49 20.70 20.70 1.822 0.07
0.0050 4.75 28.65 28.65 1.293 0.08
0.0030 2.85 35.79 35.72 1.011 0.14
0.0015 1.42 46.83 46.70 0.734 0.21
0.0005 0.47 64.45 29.99 0.483 0.25
0.0001 0.095 80.39 20.74 0.397 0.21
0.00001 0.0127 86.04 18.40 0.380 0.20
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ζ
Fig. 5. Normalized shear tractions TðhÞR=P at the indicated vand plane strain. A value of friction coefﬁcient l ¼ 0:55 and a max-
imum time increment of dt ¼ 0:015 were used for the analyses. The
plots have been re-centered for easy visual identiﬁcation of the
contact angle (the eccentricity, e0 ¼ p=2 in the global coordinate
system). The dimensionless load parameter Lp in plane strain is de-
ﬁned as before
Lp ¼ E1 m2
Rf
P
ð110Þ
In plane stress, m is not present in the denominator. For the f chosen,
the load parameter Lp covers a wide range from about 0.01 to 20.
The load parameters, contact half-angles, stick half-angles, normal-
ized peak pressure N0 and peak shear T0 are shown in Table 1 for
both plane strain and plane stress.
It is seen that thepeakpressure is quite sensitive to small changes
in the parameter Lp at values close to 0. As Lp ! 0, the contact half-
angle  tends to a limiting value that is not quite p=2. These values
are  
 86 in plane-strain and  
 88:8 in plane stress. The peak
pressure drops signiﬁcantly as f grows smaller – which is expected,
since the arc of contact is much larger in these cases.
Unlike half-plane contacts of dissimilar materials with friction,
the stick zone half-angle q is not related to the contact half-angle 
in a simple way, since the problem is not self-similar. It may also
be noted that while q < , the difference is sometimes so small that
it cannot be obtained accurately by any numerical procedure.
In plane strain, the contact angle is smaller and the peak pres-
sure slightly higher than in plane stress.
The corresponding normalized shear tractions TðhÞR=P are
shown in Figs. 5 and 6. Again, the plane strain shear tractions are
slightly higher in magnitude than their plane stress counterparts.Plane stress
Lp ðÞ qðÞ N0 RP T0 RP
4 17.1 15.45 15.32 2.529 0.294
9 8.54 21.76 21.69 1.781 0.119
6 4.27 30.01 29.99 1.267 0.047
5 2.56 37.71 37.71 0.983 0.108
0 1.28 49.27 49.26 0.713 0.183
3 0.43 67.47 32.68 0.466 0.242
8 0.085 83.31 21.86 0.387 0.213
9 0.0114 88.84 19.31 0.373 0.205
10 30 50 70 900
grees
0.0005
0.0015
=0.0030
ζ=0.0050
alues of f ¼ 1 RD=R in plane stress. l ¼ 0:55 in all cases.
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Fig. 6. Normalized shear tractions TðhÞR=P at the indicated values of f ¼ 1 RD=R
in plane strain. l ¼ 0:55 in all cases.
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Fig. 8. Normalized shear tractions TðhÞR=P at the indicated values of l in plane
strain contact for Lp ¼ 0:94.
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slip zone at an intermediate value of f (and hence Lp).0.1
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μ=0.708. Effect of l on tractions for increasing pin load
The effects of varying the friction coefﬁcient in monotonic pin-
loading were examined. The load parameters for the two runs were
Lp ¼ 0:56 and Lp ¼ 0:94 – corresponding, respectively, to the use of
an Aluminum plate and a Ti6Al4V plate. Both values of Lp are in the
‘highly conformal’ range.
The tractions obtained using different values of l for these runs
are shown in Figs. 7–10. The most striking feature is the ‘satura-
tion’ of the tractions. Beyond l ¼ 0:70 for Lp ¼ 0:94 and l ¼ 1:0
or so for Lp ¼ 0:56, the tractions change very little with l and are
essentially independent of it. This was conﬁrmed using values of
l as high as 3.0 in the solver. The contact half-angle, , increases
as l increases, but the change is quite small – only 1.7 over the0 10 20 30 40 50 60
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Fig. 7. Normalized pressure tractions NðhÞR=P at the indicated values of l in plane
strain contact for Lp ¼ 0:94. The frictionless case is plotted as a dashed line.
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θ degrees
Fig. 9. Normalized pressure tractions NðhÞR=P at the indicated values of l in plane
strain contact for Lp ¼ 0:56. The frictionless case is plotted as a dashed line.entire range of l for Ti6Al4V and about 3.0 for Aluminum. Con-
comitant to the larger contact arc is a lower peak pressure.
The ‘saturation’ phenomenonmaybeexplainedas follows. Larger
values of l imply smaller slip zone sizes. In addition, these smaller
sizes are reached at earlier stages of the load-step. Since energy is
dissipatedonly in regions of relativemotion (slip zones), thedissipa-
tion due to friction in each increment becomes less signiﬁcant with
higher l. Increasing l beyond a certain value does not decrease the
already small amounts of energy dissipated at each increment
appreciably, so that the solutions approach a minimum. As a conse-
quence of Dundurs’ theorem, the slip zone size is never exactly zero,
but it may be too small to be of any account. In fact, the loading be-
comes effectively (not exactly) reversible at higher values of l.
9. Simultaneous application of pin load and remote stresses
If remote stresses are applied in addition to the vertical pin load
P, one of several outcomes is possible, depending on the magnitude
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Fig. 10. Normalized shear tractions TðhÞR=P at the indicated values of l in plane
strain contact for Lp ¼ 0:56.
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Fig. 11. Normalized pressure tractions NðhÞR=P obtained with pin load + remote stresses
r1yy ¼ 0:5; 0:0 and 0:5P=R respectively in the left, central and rightmost columns.
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The effect of the stresses is, in this case, essentially the same as
having a hole of larger (biaxial tension) or smaller (biaxial com-
pression) radius than the unstressed case. When the remote stres-
ses are unequal, more complicated behaviors are possible.
While a thorough parametric investigation is beyond the scope
of the present work, representative pressure and shear tractions
are shown in Figs. 11 and 12 respectively. The central sub-plot in
each ﬁgure shows the reference case when no remote loads are ap-
plied. Depending on whether the stresses are uniaxial or biaxial,
tensile or compressive gives eight possibilities in all. The load
parameter Lp is 4.745 and the magnitude of each non-zero remote
stress is 0:5P=R. Table 2 shows the factors by which the peak pres-
sures and shears increase in the presence of the remote loads. The
stress combination ð0:5;0:5Þ PR corresponding to tensile rxx and
compressive ryy produces the smallest contact arc and the highest
increase in peak-pressure over the unstressed case; stresses with
the opposite signs ð0:5;0:5Þ PR corresponding to compressive rxx
and tensile ryy have the opposite effect. This may be explained
by the effect of these stresses on the gap function.
The effect on the peak shear is more complicated to explain;
however, as the table shows, the increase in the peak shear traction
may be considerably higher than that in the peak pressure. It is also20 40 −60 −40 −20 0 20 40 60
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hence the direction of slip) reverse depending on whether the re-
mote stresses aid/hinder relative tangential motion between the
indenter and the plate in that direction.
For conformal contacts with even smaller values of f (and hence
Lp), other remote stress related effects are seen. This has to do with
the fact that the stress-related term in the gap functionAk0=G and
the conformality parameter f become comparable in such cases.
This leads (ﬁrst) to contact half-angles  exceeding p=2 radians;Table 2
Peak pressure/shear ratios for pin load accompanied by remote loads in plane strain
for l ¼ 0:40.
r1xx PR r
1
yy
P
R
N0
N0 jr¼0
T0
T0 jr¼0
0.5 0.5 1.127 5.046
0.5 0.0 0.958 5.260
0.5 0.5 0.735 4.325
0.0 0.5 1.121 3.423
0.0 0.0 1.000 1.000
0.0 0.5 0.847 1.183
0.5 0.5 1.218 7.406
0.5 0.0 1.068 6.498
0.5 0.5 0.902 5.486
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Fig. 13. Scaled pressures lNðhÞR=P (solid lines), shear TðhÞR=P (dashed line)
when biaxial compressive stresses of 0:583P=R are applied in addition to the pin
load P. Lp ¼ 0:63.
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Fig. 14. Pressure tractions NðhÞR=P in the indicated load steps under fretting loads
for Lp ¼ 6:3:Q ¼ 0:5lP in step 2 and Q ¼ 0:5lP in step 3.
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Fig. 16. Pressure tractions NðhÞR=P in the indicated load steps under fretting loads
for Lp ¼ 0:76:Q ¼ 0:5lP in step 2 and Q ¼ 0:5lP in step 3.
812 N. Sundaram, T.N. Farris / International Journal of Solids and Structures 47 (2010) 801–815subsequently, the advancing contact may transform into a com-
plete, stationary one. This effect is illustrated in Fig. 13. In this in-
stance, f ¼ 0:001; Lp ¼ 0:63; l ¼ 1:00 and equal biaxial
compressive stresses of magnitude 0:583P=R were applied in addi-
tion to the pin load. The contact half-angle is about 146 (the max-
imum contact half-angle in the absence of stress is less than 90).
Increasing the magnitude of the remote stresses even further
would lead to a complete, stationary contact with stick every-
where. It is, however, not possible to use the present solution
scheme once the contact becomes complete – it constitutes a spe-
cial case that must be tackled separately.10. Fretting-type loads
‘Fretting-type’ loading typically involves one or more oscillatory
load components. A simple ‘fretting-type’ load path in conformal−120 −110 −100 −90 −80 −70 −60
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Fig. 15. Shear tractions TðhÞR=P in the indicated load steps under fretting loads for
Lp ¼ 6:3:Q ¼ 0:5lP in step 2 and Q ¼ 0:5lP in step 3.contacts consists of the following: application of a vertical pin-load
P in the ﬁrst step; application of a horizontal pin-load +Q in the
second step and subsequent reversal of the horizontal pin load to
Q in the third step. P is kept constant in steps 2 and 3.
Depending on the load parameter regime, two broad sets of
behaviors are observed. For large values of the load parameter Lp,
the contact-size and peak pressures do not change appreciably dur-
ing the cycling ofQ. The peak-shear tractions are roughly the same in
magnitude in steps 2 and 3. A pair of slip zones of roughly equal size
are observed. In this case, the behavior is more or less ‘half-plane
like’. For a value of Lp ¼ 6:3, the pressure tractions obtained in steps
1–3 are shown in Fig. 14; the corresponding shear tractions are
shown in Fig. 15. In this case, Q ¼ 0:5lP in step 2 and is reversed
to Q ¼ 0:5lP in step 3. The dashed lines are the tractions obtained
at the endof theﬁrst step. The tractions are not re-centered as in ear-
lier cases, but shown in the global coordinate system where 90
corresponds to the bottom of the circular hole.−160 −140 −120 −100 −80 −60 −40 −20
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Fig. 17. Shear tractions TðhÞR=P in the indicated load steps under fretting loads for
Lp ¼ 0:76:Q ¼ 0:5lP in step 2 and Q ¼ 0:5lP in step 3.
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Fig. 18. Shear tractions TðhÞR=P in the indicated load steps under fretting loads for
Lp ¼ 0:95:Q ¼ 1:30lP in step 2 and Q ¼ 1:30lP in step 3. The step 2b shows an
intermediate load increment, where the Q load has only been partially reversed.
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Fig. 19. Pressure tractions NðhÞR=P (upper plot) and shear tractions TðhÞR=P
(lower plot) in the indicated load step (I–III) under applied fretting pin-loads and
remote stresses for Lp ¼ 0:76 when stresses are in-phase (a) or anti-phase (b) with
Q. The stresses and Q are both fully reversed in going from step 2 to 3. In both cases,
Q ¼ 0:8lP in step 2. r1xx ¼ r1yy ¼ P=3R is tensile in step 2 in in-phase loading and
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contact-size and peak pressures change signiﬁcantly during the cy-
cling, and the magnitudes of the peak shear tractions are also
appreciably different in steps 2 and 3. For Lp ¼ 0:76, the pressure
tractions obtained in steps 1–3 are shown in Fig. 16; the corre-
sponding shear tractions are shown in Fig. 17. Again, Q ¼ 0:5lP
in step 2 and is reversed to Q ¼ 0:5lP in step 3. Further, it is pos-
sible (at low-Lp regimes) for the contact to be able to support ap-
plied loads jQ j > lP without sliding. The contact shifts/grows
rather than slides at these values of Lp. This is not surprising, con-
sidering the extent of deviation of the contact arc from a straight
line; note that the resultant
R b
a jTðhÞj is still less than l
R b
a NðhÞ. An
example is shown in Fig. 18. Lp ¼ 0:95 and Q ¼ þ1:30lP and
Q ¼ 1:30lP in steps 2 and 3.
Finally, in applications, the cycling pin load Q may also be
accompanied by simultaneous cycling of the remote stresses. For
Lp ¼ 0:76, Fig. 19 shows the effect of increasing biaxial tensions
in step 2 followed by reversal to biaxial compressions in step 3.
In step 2, Q ¼ 0:8lP; r1xx ¼ r1yy ¼ P=3R with everything reversed
in step 3. Remarkably different peak tractions are obtained when
the stresses are anti-phase to the pin load Q.compressive in step 2 in anti-phase loading.11. Solution check – gap calculation
Once the solution has been obtained, it is prudent to calculate
the gap function outside the contact to ensure that the solution
is in the applicable (i.e. single contact) regime – especially when
remote stresses are applied – and there are no overclosures outside
the contact, i.e.
hðhÞ > 0 8h R ða; bÞ ð111Þ
The following expression is used for the gap calculation
hðhÞ þ h00ðhÞ ¼ R RD þ Rk
0
2G
A
2
 3D cosð2hÞ
 
þLp;qrðhÞ ð112Þ
HereLp;qrðhÞ is obtained on applying theL operator to the radial sur-
face displacements caused by the contact tractionsLp;qrðhÞ ¼
R
4pG
k0
Z b
a
NðnÞdnþ 2j
Z b
a
cosðh nÞNðnÞdn k0


Z b
a
cot
h n
2
 
N0ðnÞdnþ k0
Z b
a
cot
h n
2
 
TðnÞdn 2j

Z b
a
sinðh nÞTðnÞdn

; 8h R ða; bÞ ð113Þ
There is no need to convert this to the Cauchy form since h R ða;bÞ
and all the integrals are non-singular. With the RHS known, Eq.
(112) is an ODE; the condition that the gap function is zero at the
end points, i.e.,
hðaÞ ¼ 0 hðbÞ ¼ 0 ð114Þ
makes it a two-point boundary value problem for the gap-function
hðhÞ which is solved by a simple ﬁnite-difference scheme. Once the
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function outside the contact can also be calculated.12. Conclusions
The advancing, frictional contact problem for a rigid pin indent-
ing an inﬁnite plate with a circular hole was considered. The
formulation is general, and considers remotely applied plate-stres-
ses in addition to pin loads. The generality of the approach allows
the solution of problems with complicated load paths with the
only restriction that the contact not become multi-part at any
stage of the loading. Using the theory of generalized functions, it
was found that the governing equation in full sliding is a singular
integro-differential equation (SIDE). Partial-slip behavior is
governed by an implicit, coupled singular integral equation (SIE)
pair. Numerical solutions were presented for both types of prob-
lems. It was observed that the contact tractions in monotonic load-
ing become independent of the coefﬁcient of friction above a
certain threshold value. Problems involving typical ‘fretting-type’
pin loads with and without remote-stresses were also investigated,
revealing remarkable effects of the degree of conformality and load
path on the steady-state traction distributions.Acknowledgement
This work was supported in part by DARPA through a subcon-
tract with GE on Propulsion System Prognosis.Appendix A. Evaluation of the functions UijðyÞ
The functions UijðyÞ are deﬁned as follows
U11ðyÞ ¼s0 C1s0J3  lC1J5 þ C2 F1ðyÞðJ16  lJ8Þf½
F2ðyÞðlJ10 þ J14Þg þ la21f ðyÞ
1þ y
1 y
 A
þ b22
p
J1 ð115Þ
U12ðyÞ ¼  a21 y b1b2  y
 B
½Hðy b1Þ  Hðy b2Þ þ s0ðC1J7
þ C2F1ðyÞJ12 þ C2F2ðyÞJ13Þ þx
"
s0 C1s0J4  lC1J6½
þC2 F1ðyÞðJ17  lJ9Þ  F2ðyÞðlJ11 þ J15Þf g
þla21f ðyÞ 1 yy b2
 B
Hðy b2Þ þ b22p J2
#
ð116Þ
U21ðyÞ ¼a12 1þ y1 y
 A
þ lb11
p
I2 þ s0 C1s0I3 þ C2 F2ðyÞðI14  lI6Þf½
þF1ðyÞðlI8 þ I12Þg ð117Þ
U22ðyÞ¼b11p I1þ s0 C1s0I5þC2F2ðyÞI10C2F1ðyÞI11ð Þþx
lb11
p
I16

þs0 C1s0I4þC2 F2ðyÞðI15lI7ÞþF1ðyÞðlI9þ I13Þ½ f g

ð118Þ
where
x  /4
/2
¼ cosðpBÞ
l
b2  b1
1 b2
 B
ð119ÞThe integrals J1...17 are deﬁned as follows
J1 ¼
Z 1
1
t þ 1
1 t
 A dt
t  y J2 ¼
Z 1
b2
1 t
t  b2
 B dt
t  y
J3 ¼
Z 1
1
t
t þ 1
1 t
 A dt
F3ðtÞ J4 ¼
Z 1
b2
t
1 t
t  b2
 B dt
F3ðtÞ
J5 ¼
Z 1
1
t þ 1
1 t
 A f ðtÞdt
F3ðtÞ J6 ¼
Z 1
b2
1 t
t  b2
 B f ðtÞdt
F3ðtÞ
J7 ¼
Z b2
b1
t  b1
b2  t
 B dt
F3ðtÞ J8 ¼
Z 1
1
t þ 1
1 t
 A F1ðtÞf ðtÞdt
F3ðtÞ
J9 ¼
Z 1
b2
1 t
t  b2
 B F1ðtÞf ðtÞdt
F3ðtÞ J10 ¼
Z 1
1
t þ 1
1 t
 A F2ðtÞf ðtÞdt
F3ðtÞ
J11 ¼
Z 1
b2
1 t
t  b2
 B F2ðtÞf ðtÞdt
F3ðtÞ J12 ¼
Z b2
b1
t  b1
b2  t
 B F1ðtÞdt
F3ðtÞ
J13 ¼
Z b2
b1
t  b1
b2  t
 B F2ðtÞdt
F3ðtÞ J14 ¼
Z 1
1
t þ 1
1 t
 A F1ðtÞdt
F3ðtÞ
J15 ¼
Z 1
b2
1 t
t  b2
 B F1ðtÞdt
F3ðtÞ J16 ¼
Z 1
1
t þ 1
1 t
 A F2ðtÞdt
F3ðtÞ
J17 ¼
Z 1
b2
1 t
t  b2
 B F2ðtÞdt
F3ðtÞ
The integrals I1...16 are deﬁned as follows
I1¼
Z b2
b1
tb1
b2 t
 B dt
ty I2¼
Z 1
1
tþ1
1 t
 A f ðtÞdt
ty
I3¼
Z 1
1
1=s0þltf ðtÞ
F3ðtÞ
tþ1
1 t
 A
dt I4¼
Z 1
b2
1=s0þltf ðtÞ
F3ðtÞ
1 t
tb2
 B
dt
I5¼
Z b2
b1
t
tb1
b2 t
 B dt
F3ðtÞ I16¼
Z 1
b2
1 t
tb2
 B f ðtÞdt
ty
The integrals I6...15 are related to the integrals J8...17 by the
relationship
In ¼ Jnþ2 6 6 n 6 15 ð120Þ
The integrals with Cauchy type-kernels like J1; J2 and I1 may be
evaluated analytically by a formula given in Rajeev and Farris
(2002). While the integrals J3 to J17 only have endpoint integrable
singularities, it is quite difﬁcult to evaluate them accurately using
standard Gauss quadrature techniques. The strategy adopted here
is to use adaptive Gauss–Kronrod quadrature when the strength
of the endpoint singularity (i.e. A or B) is less than 1/2. If it exceeds
1/2, the powerful double-exponential transformation technique of
Mori and Sugihara (2001) provides an accuratemethod of quadrature.
Appendix B. Persson’s equation and inﬁnite loads
In the absence of friction ðl ¼ 0Þ and remote stresses, the full
sliding equation (44) may be re-written in symmetric coordinates
using w ¼ n e0; / ¼ h e0 where e0 ¼ p=2 as follows
DR ¼ R
4pG
k0
Z 

pðwÞdwþ 2j
Z 

cosð/ wÞpðwÞdw k0


Z 

cot
/ w
2
 
p0ðwÞdw pk00pð/Þ

ð121Þ
Here DR ¼ R RD and pð/Þ ¼ NðhÞ. Introducing the normalized pres-
sure qð/Þ ¼ Rpð/Þ=P, and recalling that k0 ¼ ðjþ 1Þ=2; k00 ¼ j 1
DR ¼ P
4pG
jþ 1
2
Z 

qðwÞdwþ 2j
Z 

cosð/ wÞqðwÞdw

jþ 1
2
Z 

cot
/ w
2
 
q0ðwÞdw pðj 1Þqð/Þ

ð122Þ
Table 3
Contact half-angles at 1 load ðLp ¼ 0Þ as a function of Dundurs’ b when l ¼ 0.
b 0.00000 0.16667 0.25373 0.30556 0.37500 0.44444 0.50000
1 72.348 76.797 79.334 80.934 83.203 85.650 87.764
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pressure, taken from Ciavarella and Decuzzi (2001).
ð1þ gÞ
Z 

q0ðwÞ cotw /
2
dwþ ½2ð1þ gÞ  k
Z 

qðwÞ cosðw /Þdw
¼ kpqð/Þ  g
Z 

qðwÞdw pE
	
1DR
P
ð123Þ
Here g ¼ E	1=E	2; k ¼ ð1 m	1Þ  gð1 m	2Þ and the subscripts 1 and 2
refer to the disk and plate respectively. When the indenter is rigid,
g!1 and k! gð1 m	2Þ. Dividing both sides by g and taking lim-
its as g!1,Z 

q0ðwÞ cotw /
2
dwþ ½2þ ð1 m	2Þ
Z 

qðwÞ cosðw /Þdw
¼ pð1 m	2Þqð/Þ 
Z 

qðwÞdw pE
	
2DR
P
ð124Þ
where the relationE	1=g ¼ E	2 has beenused. Sinceonly onematerial is
deformable, the subscriptmay be dropped. Consider plane strain; set
E	 ¼ E
1 m2 ¼
2G
1 m m
	 ¼ m
1 m ð125Þ
On multiplying throughout by 1 m, and simplifying,
ð1 mÞ
Z 

q0ðwÞ cotw /
2
dwþ ½3 4m

Z 

qðwÞ cosðw /Þdw ¼ pð1 2mÞqð/Þ  ð1 mÞ

Z 

qðwÞdw 2pGDR
P
ð126Þ
Since j ¼ 3 4m in plane strain, and cotðð/ wÞ=2Þ ¼  cotððw
/Þ=2Þ,
jþ 1
4
Z 

q0ðwÞ cot/ w
2
dwþ j
Z 

qðwÞ cosð/ wÞdw
¼ pj 1
2
qð/Þ  jþ 1
4
Z 

qðwÞdw 2pGDR
P
ð127Þ
Finally, multiplying both sides by P=2pG and rearranging, one ob-
tains Eq. (122) and it is thus established that the full sliding equa-
tion (44) is consistent with Persson’s equation.
Now consider a situation where the load parameter Lp is 0. This
corresponds either to an inﬁnitely large pin-load P or an initialneat-ﬁt between the plate and the disk. This problem may be
solved by setting l ¼ 0 in the full-sliding solver and choosing suc-
cessively smaller values of Lp. The corresponding set of contact
half-angles  then constitutes a convergent sequence, and the limit
of this sequence is 1, the contact half-angle at inﬁnite load. Table 3
shows 1, as a function of Dundurs’ second parameter b; of course,
since the disk is rigid, Dundurs’ ﬁrst parameter a ¼ 1. When
b ¼ 0:50, the results obtained here agree almost perfectly with
those of Ciavarella and Decuzzi (2001).
References
Anﬁnogenov, A.Yu., Lifanov, I.K., Lifanov, P.I., 2001. On certain one- and two-
dimensional hypersingular integral equations. Matematicheskii˘ Sbornik 192
(8), 1089–1131.
Ciavarella, M., Decuzzi, P., 2001. The state of stress induced by the place frictionless
cylindrical contact. II. The general case (elastic dissimilarity). International
Journal of Solids and Structures 38 (2001), 4525–4533.
Ciavarella, M., Decuzzi, P., 2001. The state of stress induced by the place frictionless
cylindrical contact. I. The case of elastic similarity. International Journal of
Solids and Structures 38 (2001), 4507–4523.
Ciavarella, M., Baldini, A., Barber, J.R., Strozzi, A., 2006. Reduced dependence on
loading parameters in almost conforming contacts. International Journal of
Mechanical Sciences 48 (2006), 917–925.
Gladwell, G.M.L., 1980. Contact Problems in The Classical Theory of Elasticity.
Monographs and Textbooks on Mechanics of Solids and Fluids. Sijthoff and
Noordhoff, The Netherlands.
Hills, D.A., Kelly, P.A., Dai, D.N., Korsunsky, A.M., 1996. Solution of crack problems:
the distributed dislocation technique. Solid Mechanics and its Applications, vol.
44. Kluwer Academic Publishers., The Netherlands.
Ho, K.C., Chau, K.T., 1997. An inﬁnite plane loaded by a rivet of a different material.
International Journal of Solids and Structures 34 (19), 2477–2496.
Hou, J.P., Hills, D.A., 2001. Contact between a pin and a plate with a hole under
interference-ﬁt and clearance-ﬁt conditions. Proceedings of the Institution of
Mechanical Engineers Part (C) 215, 629–639.
Iyer, K., 2001. Solutions for contact in pinned connections. International Journal of
Solids and Structures 38 (50–51), 9133–9148.
Mori, M., Sugihara, M., 2001. The double-exponential transformation in numerical
analysis. Journal of Computational and Applied Mathematics 127 (1–2), 287–
296.
Noble, B., Hussain, M.A., 1969. Exact solution of certain dual series for indentation
and inclusion problems. International Journal of Engineering Sciences 7 (11),
1149–1161.
Rajeev, P.T., Farris, T.N., 2002. Numerical analysis of fretting contacts of dissimilar
isotropic and anisotropic materials. Journal of Strain Analysis for Engineering
Design 37 (6), 503–517.
Rothman, M., 1950. Isolated force problems in two-dimensional elasticity
(I). Quarterly Journal of Mechanics and Applied Mathematics 3 (3),
279–296.
To, Q.D., He, Q.-C., Cossavella, M., Morcant, K., Panait, A., 2007. Closed-form solution
for the contact problem of reinforced pin loaded joints used in glass structures.
International Journal of Solids and Structures 44 (2007), 3887–3903.
